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ABSTRACT 12 
 13 
The heat contained in underground flooded mine workings is actively exploited, often 14 
via heat pump technology, at a number of locations in Europe and North America. 15 
Several different heat exchange configurations may be utilised in this context, but for 16 
those (“standing column” and “open loop” arrangements) where mine water 17 
reinjection is practised, the rate of heat transfer between mine walls and mine water 18 
is a critical process to quantify. The two most commonly-used analytical solutions to 19 
this problem have been applied to the same baseline scenario, exploring and 20 
comparing their sensitivity, strengths, weaknesses and areas of application. It is 21 
found that the Rodríguez- Díaz solution generally predicts heat transfer rates 22 
(typically of the order of several tens of W per m of tunnel) greater than the 23 
Lauwerier-Pruess-Bodvarsson approach, the difference being due to the fact that the 24 
former assumes a radial heat conductive flow geometry in the rock surrounding the 25 
mine void, while the latter assumes a less efficient parallel linear flow. The 26 
Rodríguez-Díaz solution is more appropriate for approximately cylindrical mine shafts 27 
and tunnels. The Lauwerier-Pruess-Bodvarsson approach is more likely to be 28 
applicable to tabular mined void geometries. Improvements to the Rodríguez and 29 
Díaz model are proposed to enhance its transparency and applicability. 30 
 31 
Keywords: heat transfer models, mine geothermal systems, reinjection, open/ 32 
closed loop 33 
 34 
 35 
1. Introduction:  36 
 37 
1.1. Use of mine water for space heating and cooling 38 
 39 
In the recent decades, interest has grown in the potential for the water stored and 40 
transmitted in abandoned (or even active) mined systems to be exploited for heating 41 
and cooling purposes (Banks et al., 2004, 2003; Bracke and Bussmann, 2015; Hall et 42 
al., 2011; Hamm and Bazargan Sabet, 2010; Lund et al., 2011; Peralta Ramos et al., 43 
2015; Preene and Younger, 2014; Raymond and Therrien, 2007; Watzlaf and 44 
Ackman, 2006). Indeed several large-scale mine water-based heat pump systems 45 
have been constructed around the world: in a European context, the most notable 46 
are those at Heerlen, Netherlands (Bazargan et al., 2008; Ferket et al., 2011; 47 
Johnston et al., 2008; Verhoeven et al., 2014) and at Mieres, Spain (Jardón et al., 48 
2013), both of which deliver several MW of heating and cooling effect. 49 
 50 
2 
 
The main factors that can influence the success of a geothermal installation in a 51 
mined aquifer are: the available sustainable abstraction, the water temperature and 52 
its stability, the water hydrochemistry and the available volume of the flooded mined 53 
voids and adjacent aquifers (Ordóñez et al., 2012). The presence of a heating / 54 
cooling demand in the vicinity of the mine is also critical; if potential users are too far 55 
from the mines or if the surface thermal transport system is not efficient enough, 56 
costs of pipelines and losses of energy can rapidly negate the energetic and financial 57 
viability of the entire system (Banks, 2016; JHI, 2016). 58 
 59 
Several different methods can be utilised to extract heat from water contained in 60 
abandoned flooded mines (Banks, 2016; Ghomshei, 2007; Hall et al., 2011; Preene 61 
and Younger, 2014). These can briefly be summarised as: 62 
 63 
(i) Pumping water from an abandoned (or working) mine and passing it 64 
through a heat pump or heat exchanger, prior to discharge to a water 65 
treatment system, e.g. Caphouse Colliery, near Wakefield, UK (Burnside 66 
et al., 2015; Parker, 2011) or surface water recipient (Mieres, Spain). This 67 
is referred to as an “open loop” arrangement. 68 
(ii) Pumping water from a mine shaft and passing it through a heat pump or 69 
heat exchanger, before reinjecting the thermally spent water back to the 70 
mine system at a different location (via another borehole or shaft). This is 71 
referred to as an “open loop with reinjection” (e.g. the Shettleston and 72 
Lumphinnans schemes in Scotland – (Banks et al., 2009). 73 
(iii) Pumping water from a flooded abandoned mine shaft and passing it 74 
through a heat pump or heat exchanger, before reinjecting the thermally 75 
spent water back to the shaft at a different depth, as in Markham Colliery, 76 
near Bolsover, UK (Athresh et al., 2015). This is known as a “standing 77 
column” arrangement and is typically only suitable for relatively modest 78 
heat extractions, or for shafts with large depth and diameter or high 79 
natural minewater throughflow. 80 
(iv) Submerging a heat exchanger (which may be some form of plate 81 
exchanger or simply coils of polythene tubing) in a flooded mine void or 82 
treatment pond, and circulating a heat transfer fluid through the heat 83 
exchanger, often via a heat pump). Such an arrangement is installed in 84 
the shaft of Folldal Mine, Norway (Banks et al., 2004; Peralta Ramos et 85 
al., 2015) and in a minewater treatment lagoon at Caphouse Colliery, UK 86 
(Banks, 2016; Burnside et al., 2015), and is referred to as a “closed loop” 87 
system. 88 
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 89 
Fig 1. Different methods for geothermal exploitation: a) Open loop arrangement with surface 90 
discharge; b) Open loop arrangement with reinjection; c) Standing column arrangement; d) Closed 91 
loop arrangement. Modified from Loredo et al. (2016). 92 
 93 
Fig 1 summarizes these different methods. Especially in types (ii) and (iii) where 94 
thermally spent water (i.e. cool water in the case of mines providing space heating) is 95 
reinjected back into the mine voids, it becomes very important to quantify the 96 
subsurface heat exchange - i.e. the rate at which the cool mine water re-acquires 97 
heat from the rocks in the walls of the mine voids and passages. 98 
 99 
In such cases, the reinjected water (or a portion thereof) will typically gradually flow 100 
through a network of mine roadways, drifts and shafts back towards the original point 101 
of abstraction. During this passage, it will acquire heat by conductive/convective heat 102 
exchange with the walls of the mine voids. If, by the time it returns to the point of 103 
abstraction, its temperature has approximately returned to the original temperature of 104 
abstraction, the mine water geothermal operation should remain sustainable for a 105 
prolonged period. If it has not returned to the original temperature of abstraction, then 106 
‘thermal breakthrough’ of cool water will occur at the abstraction point, the 107 
temperature of the abstracted water will fall and the efficiency of heat extraction will 108 
decline. The existence of a potential for thermal breakthrough does not necessarily 109 
mean that the geothermal scheme will fail immediately, but it may limit the lifetime of 110 
the scheme’s thermal and economic viability, and it needs to be fully understood and 111 
quantified. 112 
 113 
If the mine water is to be used for space cooling, warm water would be reinjected to 114 
the mine, but the same potential issue of thermal breakthrough of warm water at the 115 
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point of abstraction still applies and, mathematically, simply becomes the inverse of 116 
the problem described above. 117 
 118 
In some schemes, such as that at Heerlen, Netherlands (Bazargan et al., 2008; 119 
Ferket et al., 2011; Minewater project, 2011; Verhoeven et al., 2014), the mine 120 
system provides the potential for both heating and cooling, depending on the 121 
demands of the building mass and the season. In such schemes, the opportunity to 122 
manage the mine with some long term balance between net heat extraction and 123 
injection becomes possible (i.e. using the mine as a thermal store rather than as a 124 
source of heat). This balanced usage of subsurface thermal storage increases the 125 
efficiency of the system and minimises the risk of depletion of the thermal reservoir 126 
(Minewater project, 2011; Verhoeven et al., 2014), being particularly applicable to 127 
buildings and complexes with similar heating and cooling demands over an annual 128 
cycle: e.g. hospitals, factories, universities or research institutes with supercomputers 129 
(Jardón et al., 2013; Sheldon et al., 2015). Nevertheless, it is still important to 130 
understand the rate of heat transfer in mine tunnels and voids and to evaluate the 131 
short term risk of thermal breakthrough in periods of intense need for heating or air 132 
conditioning (in prolonged hot summer or cold winter spells). 133 
 134 
1.2. Heat transfer modelling 135 
  136 
The issues of heat transfer in mine voids and thermal breakthrough can be 137 
addressed via numerical modelling (Ghoreishi et al., 2012; Renz et al., 2009), which 138 
utilises finite element or finite difference solutions of numerical approximations of 139 
heat / mass flow equations. Parameter values can be assigned to specific locations 140 
in space and time, and complex geometries can be tackled, potentially providing a 141 
more realistic representation of many mining scenarios than analytical models. 142 
Caution must be taken over numerical dispersion issues, however, and the data 143 
requirements are significantly greater than (and often unrealistic, compared with) 144 
analytical models (Loredo et al., 2016; McMahon et al., 2001). 145 
 146 
Analytical models, on the other hand, use the exact mathematical solutions of flow 147 
and heat transport equations. Typically, they can only deal with simple geometries 148 
and homogeneous situations (Morgan, 2016). In order to use them, therefore, it is 149 
necessary for real complex geologies and geometries to be simplified to approximate 150 
to the requirements of analytical scenarios. They are, however, relatively easy to use 151 
and can be programmed into spreadsheets. Authors such as Banks (2009, 2015) 152 
have argued that analytical models of subsurface heat transport can be used as a 153 
rapid and inexpensive ‘first pass’ modelling of geothermal schemes to evaluate their 154 
overall feasibility and sustainability. Other authors, such as Ferket et al. (2011) have 155 
coupled analytical models of heat transfer in mine voids to discrete ‘pipe network’ 156 
hydraulic models, such as EPANET (Rossman, 2000) to construct some impressive 157 
and complex modelling tools that have been applied to the Heerlen minewater 158 
scheme. 159 
 160 
In this paper, we will specifically critically examine and compare the two most 161 
commonly-used analytical solutions to heat transfer in mine tunnels filled with flowing 162 
groundwater: 163 
 164 
1) The Lauwerier-Pruess-Bodvarsson model (Lauwerier, 1955; Pruess and 165 
Bodvarsson, 1983) 166 
2) The Rodríguez and Díaz (2009) model 167 
 168 
5 
 
1.3. The Pruess and Bodvarsson (1983) model 169 
  170 
Pruess and Bodvarsson (1983) take their solution direction from an old paper by 171 
Lauwerier (1955). In evaluating the applicability of this model, it should be borne in 172 
mind that the scenario envisaged by Lauwerier (1955) was that a hot fluid (water) 173 
was being injected as a horizontal layer into a formation of oil-bearing sand (Fig 2). 174 
This is very different, geometrically, from an approximately circular mine tunnel of 175 
diameter 2rg (as envisaged by Rodríguez and Díaz, 2009; Fig 3). In the Lauwerier 176 
scenario, the conductive heat transport is essentially 1-dimensional and linear-177 
parallel, away from the hot water layer. In the mine tunnel, the heat flow is radially 178 
divergent. 179 
 180 
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Fig 2. Scheme as envisaged by Lauwerier (1955) with linear heat flow. Te = entry temperature of water, Ts = water 182 
temperature at distance x. vw = linear water flow velocity, 2b = aperture of water-bearing horizon. Ḣ= heat flow 183 
to/from water-filled horizon. 184 
 185 
 186 
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Fig 3. Scheme of a mine gallery as an approximately circular tunnel with radial heat flow. rg = tunnel radius, Ḣ= heat 188 
flow to/from tunnel, Q = volumetric water flow rate in tunnel, L = tunnel length. 189 
 190 
Lauwerier (1955) describes a situation where hot water of temperature Te is injected 191 
in the x-direction into an oil sand layer of thickness 2b of original reservoir 192 
temperature 0 °C. Lauwerier deduces that, at time t and distance x into the layer, the 193 
water temperature Ts (which is assumed to be homogeneous, if the layer is thin) is 194 
given by: 195 
 196 
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Where   is a dimensionless distance in the flow direction, related to the actual 199 
distance x by: 200 
 201 
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vw is the linear water velocity in the injected layer,  is a dimensionless time, related 204 
to real time t since injection commenced, by 205 
 206 
11
2
2
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t
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             (3) 207 
 208 
ρ refer to density, c to specific heat capacity and λ to thermal conductivity, while the 209 
subscripts w, 1 and 2 refer to the water, the water-saturated sand within the injection 210 
layer and the oil-saturated sand outside the injection layer, respectively.  211 
θ is the ratio between the volumetric heat capacities of the water-saturated sand and 212 
the oil-saturated sand: i.e.  213 
22
11
c
c


            (4) 214 
 215 
erfc refers to the complementary error function and the function U is simply a step 216 
function whose value is 0 when the argument is <0 and whose value is 1 when the 217 
argument is >0. 218 
If the initial temperature of the reservoir is not 0ºC, but some temperature Tr then 219 
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Pruess and Bodvarsson (1983) argued that if the water-injected layer has a porosity 221 
of 100%, it simply becomes a water filled fracture or linear void of thickness 2b and 222 
that 1c1=wcw. Analogous 2c2 simply becomes regarded as the volumetric heat 223 
capacity of the host rock. In this case, the error function argument can be rearranged 224 
as follows: 225 
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Thus, equation (1) simply becomes 229 
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Equation (8) is thus a formula for predicting the temperature Ts of water in a fracture 231 
of aperture 2b at time t and distance x in the scenario where: water injection 232 
commences at x = 0 and t = 0; the injected water temperature is Te and the host rock 233 
is initially at temperature Tr. 234 
 235 
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Pruess and Bodvarsson (1983) then assume that the flow velocity vw multiplied by the 236 
aperture 2b is equal to the injection flow rate, q (Kg/s), per unit width (w) of the 237 
fracture.  238 
2bρwvw = q/w         (9) 239 
 240 
So: 241 
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They further argue that 2wx is equal to S, the fracture surface area between the point 243 
of injection and the point of observation (x), which can alternatively be written as Px, 244 
where P is the effective perimeter, perpendicular to flow direction, for any generalised 245 
flow void. Furthermore, the linear transport time to travel a distance x, namely x/vw is 246 
equal to xAρw/q. Thus, for a generalised flow channel: 247 
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 251 
 252 
1.4. The Rodríguez and Díaz (2009) model 253 
 254 
The solution published by Rodríguez and Díaz (2009) has the advantage that it 255 
assumes an approximately radial flow geometry from the outset Fig 3. The approach 256 
breaks down the mine gallery, shaft or tunnel, of radius rg, into a series of increments 257 
of length li. The heat power gain to each increment of tunnel (Ḣi) is given by: 258 
)
2
(2 sieiwiigi
TT
ThlrH

         (13) 259 
 260 
The solution that Rodríguez and Díaz eventually derive gives the water exit 261 
temperature from the ith increment (Tsi) as: 262 
 263 
 
 iigww
eiiigwwriig
si
UlrQc
TUlrQcTUlr
T





2
     (14)  264 
 265 
Where Q is the volumetric water flow rate, ρw and cw are the density and specific heat 266 
capacity of water, Tei is the entry temperature of the water to the increment and rg is 267 
the tunnel, gallery or shaft radius. 268 
 269 
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The exit temperature for the ith increment simply becomes the entry temperature for 270 
the next increment and the final exit temperature from the tunnel is found as the exit 271 
temperature from the last increment. 272 
Te(i+1) = Tsi         (15) 273 
 274 
The function Ui is defined as: 275 
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 278 
The user of the Rodríguez and Díaz (2009) model should be aware that there is a 279 
typographic error in the published version of the above equation, where the 280 
logarithmic (ln) term is omitted (Rodríguez, personal communication, 2016). 281 
 282 
The heat transfer coefficient hi is given by combining the Nusselt (Nu), Reynolds (Re) 283 
and Prandtl (Pr) numbers of the fluid in the tunnel: 284 
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 286 
Where ϖw is the kinematic viscosity of the water in the tunnel and r0i is defined as the 287 
effective thermal radius of the front of heat perturbation from the ith segment of 288 
tunnel, it is estimated by Rodríguez and Díaz (2009) from: 289 
t
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i
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10           (18) 290 
 291 
λr, ρr and cr are the thermal conductivity, bulk density and bulk specific heat capacity, 292 
respectively, of the rock or sediment hosting the tunnel. 293 
 294 
2. Comparison of models and sensitivity analysis 295 
 296 
2.1. Baseline scenario 297 
 298 
These equations can be readily programmed into a spreadsheet and can be tested 299 
for a standard scenario, such as that proposed by Rodríguez and Díaz (2009), which 300 
assumes an average fluid flow rate of 0.80 m h-1 and a calculated Reynolds number 301 
Re= 680 (laminar flow regime). 302 
 303 
Table 1. Rodríguez and Díaz (2009) baseline scenario 304 
Parameter Symbol Value Unity 
Flowrate through mine gallery q/ρw 10 m³ h¯¹  
Water density ρw 1000 kg m¯³ 
Water thermal conductivity λw 0.58 W m
-1 K-1 
Water kinematic viscosity ϖw 1.24 x 10-6 m
2 s-1 
Mass flow rate  q 2.78 kg s¯¹ 
Water specific heat capacity  cw 4186 J kg¯¹K¯¹ 
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Rock specific heat capacity  cr 800 J kg¯¹K¯¹ 
Rock thermal conductivity  λr  2.78 W m¯¹ K¯¹ 
Rock density  ρr 2500 kg m¯³ 
Rock volumetric heat capacity VHC 2 x 10⁶  J m¯³K¯¹ 
Tunnel /gallery radius rg  2  m 
Tunnel cross section A  12.6 m² 
Tunnel perimeter P  12.6 m 
Length mine tunnel L 1000 m 
Ambient rock temperature Tr 27 °C 
Injection temperature T0  7 °C 
 305 
In Fig 4, Fig 5 and Fig 6 the results of both simulations are compared. For this 306 
scenario, thermal breakthrough at the end of the 1000 m gallery occurs at 52.4 days. 307 
The Lauwerier-Pruess-Bodvarsson model predicts a temperature at the end of the 1 308 
km gallery equal to 7.94°C after 30 years (Fig 4 and Fig 5). The total heat power gain 309 
in the conduit after 30 years is 10.9 kW (10.9 W/m) according to Fig 6. On the other 310 
hand the Rodríguez-Díaz model, for the same thermal breakthrough, predicts a 311 
temperature at end of the gallery of 12.61ºC after 30 years (Fig 4 and Fig 5). The 312 
total heat power gain in the conduit after 30 years when using this model (Fig 6) is 313 
65.2 kW (65.2 W/m). 314 
 315 
It must be noted that the Lauwerier-Bodvarsson-Pruess model predicts much lower 316 
water temperatures and much less heat gain in the mine tunnels than does the 317 
Rodríguez-Díaz model. This is largely due to the fact that the Lauwerier-Bodvarsson-318 
Pruess model assumes parallel linear heat conduction to/from the tunnel (which is 319 
proportional to -ΔT/Δr, according to Fourier’s Law, where r is distance from the centre 320 
of the tunnel), whereas, the Rodríguez-Díaz model assumes much more efficient 321 
radial transport (proportional to -ΔT/Δ(lnr), according to the line source/sink equation 322 
- Banks, 2015 - and hence greater for a given temperature differential). 323 
 324 
Fig 4. Comparison of results of Lauwerier- Pruess -Bodvarsson model at 30 years’ simulation time, with original 325 
Rodríguez -and Díaz model. Evolution of the water temperature in the mine gallery. 326 
 327 
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 328 
Fig 5. Comparison of the temperature evolution during 30 years for the emergent water from mine gallery predicted 329 
by Lauwerier- Pruess -Bodvarsson and the original Rodríguez and Díaz model. 330 
 331 
 332 
Fig 6. Comparison of results of Lauwerier- Pruess -Bodvarsson model at 30 years’ simulation time, with original 333 
Rodríguez and Díaz model. Total heat gain in reinjected water with time. 334 
 335 
 336 
2.2. Sensitivity with respect to flow rate 337 
 338 
The variation of the fluid temperature at the exit of the mine tunnel for flow rates in 339 
the range 5 to 40 m3 h-1 is shown in Fig 7. As would be expected, the greater the flow 340 
rate, the lower the emergent temperature, as the heat gained from the tunnel walls is 341 
“diluted” in a greater flow. It will be seen that, as the flow rate exceeds 15 m3 h-1 the 342 
Lauwerier-Pruess-Bodvarsson model begins to asymptotically approach the injection 343 
water temperature of 7°C.  344 
 345 
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 346 
Fig 7. Analysis of the sensitivity of the fluid temperature emerging from the mine tunnel with respect to the fluid flow 347 
rate 348 
If the total heat gain of the water flowing through the tunnel is calculated (Fig 8), a 349 
clear difference between the models emerges. The results may at first sight seem 350 
perplexing, with greater heat gains for faster flow rates, but lower emergent 351 
temperatures. This is simply because the heat gain ( iH
 ) in any segment of the 352 
tunnel equal to the product of the temperature difference between inflow ( eiT ) and 353 
outflow ( siT ), the water specific heat capacity (cw) and the flow rate (q).  354 
 355 
  weisii cTTqH          (19) 356 
or, for the whole tunnel     wexit cTTqH 0   (20) 357 
 358 
Where Texit is the outflow temperature from the tunnel and T0 is the injection 359 
temperature. Thus, as the flow rate increases, the temperature differential tends to 360 
decrease (i.e. the outflow temperature decreases) for a given heat gain. With the 361 
Rodríguez-Díaz model, the heat gain increases as the flow rate increases, as one 362 
would expect, due to the lower average fluid temperature caused by the faster flow 363 
rate (i.e. greater temperature difference between rock and fluid). In the Lauwerier-364 
Pruess-Bodvarsson model, it remains almost constant (declining very slowly) as flow 365 
rate increases. This is because, for small values of the erfc argument (which is the 366 
case in the flow range examined here) in the Lauwerier-Pruess-Bodvarsson model, 367 
equation (12) becomes 368 
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 371 
Thus, the power gain in the section is given by 372 
 373 
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 375 
Thus, the qcw term is cancelled out from both sides of the equation and a very 376 
modest dependence on 
2
1






 
q
xA
t w

 remains. For high values of t, this 377 
dependence is almost negligible. 378 
 379 
Fig 8. Analysis of the sensitivity of the heat gain in the mine tunnel (at the end of the simulation) with respect to the 380 
fluid flow rate 381 
 382 
2.3. Sensitivity with respect to thermal properties of the rock 383 
 384 
Fig 9 and Fig 10 examine the sensitivity of the models to the parameterisation of the 385 
ground’s thermal properties (Table 2). The thermal conductivity (λ) is allowed to vary 386 
between 1.5 W m-1 K-1 (typical for a shale or claystone - Banks, 2012) up to 3.5 W m-1 387 
K-1 (which might be encountered in a quartz-rich granite or sandstone - Banks 2012). 388 
Fig 9 illustrates that, in the Rodríguez-Díaz model, as one might expect, the 389 
emergent fluid temperature is warmer (more heat gained from the tunnel walls) the 390 
higher the thermal conductivity is. Interestingly, the effect of thermal conductivity on 391 
the Lauwerier-Pruess-Bodvarsson model is much more muted. Fig 10 illustrates that 392 
the sensitivity of the tunnel’s heat exchange performance to the volumetric heat 393 
capacity is much lower than for the thermal conductivity. The results of both models 394 
have been calculated after 5 years’ simulation time. 395 
 396 
 397 
 398 
 399 
 400 
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Table 2. Characteristics of different types of ground considered (http://cte-web.iccl.es/ and 401 
http://www.engineeringtoolbox.com/ ) 402 
  
λ  
(W m¯¹ K¯¹) 
c  
(J kg¯¹K¯¹) 
ρ   
(kg m¯³) 
VHC  
(MJ m¯³K¯¹) 
Sand with gravel, wet 2 1045 1950 2.0 
Clay 1.5 2085 1500 3.1 
Shale 2.2 1000 2400 2.4 
Limestone (hard) 1.7 1000 2100 2.1 
Sandstone 3 920 2400 2.2 
Granite 2.8 1000 2600 2.6 
Rodríguez-Díaz baseline scenario 2.78 800 2500 2.0 
 403 
 404 
Fig 9. Analysis of the sensitivity of the fluid temperature emerging from the mine tunnel with respect to the rock 405 
thermal conductivity, after a simulation time of 5 years, otherwise parameterized according to the baseline scenario in 406 
Table 1. 407 
 408 
 409 
Fig 10. Analysis of the sensitivity of the fluid temperature emerging from the mine tunnel with respect to the rock 410 
volumetric heat capacity, after a simulation time of 5 years, otherwise parameterized according to the baseline 411 
scenario in Table 1. 412 
 413 
2.4. Sensitivity with respect to tunnel diameter 414 
 415 
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Fig 11 shows the variation of temperature for the fluid emerging from the mine, for 416 
different diameters of simulated mine tunnel, after 5 and 30 years. In the figure, it can 417 
be seen that the Lauwerier-Pruess-Bodvarsson model is rather sensitive to this 418 
parameter: the calculated temperature increases approximately linearly with respect 419 
to the dimension. The Rodríguez-Díaz output, however, increases with tunnel 420 
diameter up to c. 8 m, where it reaches a maximum.  421 
 422 
Fig 11. Analysis of the sensitivity of the fluid temperature emerging from the mine tunnel with respect to the diameter, 423 
after simulation times of 5 and 30 years, otherwise parameterised according to the baseline scenario in Table 1. 424 
 425 
It will also be noted from Fig 11 that, as tunnel diameter reaches 10-11 m, after 5 426 
years of simulation, the two models yield similar output temperatures and 427 
temperature profiles (Fig 12). This is potentially related to the fact that at such very 428 
large diameters, the tunnel curvature becomes rather low and the radial heat flow 429 
(assumed by Rodríguez-Díaz) increasingly resembles a linear (parallel) heat flow 430 
pattern (as assumed by Lauwerier-Pruess-Bodvarsson). For larger time simulations, 431 
due to the quicker thermal exhaustion of the mine tunnel estimated by the Lauwerier-432 
Pruess-Bodvarsson method, this effect is no longer visible at the studied diameters. 433 
 434 
 435 
Fig 12. Comparison of results of Lauwerier-Pruess-Bodvarsson model at 5 and 30 years’ simulation time for a tunnel 436 
diameter of 11 m, with Rodríguez-Díaz model (otherwise parameterised according to the baseline scenario in Table 437 
1). Temperature of water at different distances along the mine gallery. 438 
 439 
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3. Improvements to the Rodríguez and Díaz (2009) model 440 
 441 
3.1. Calculation of Thermal Radius 442 
 443 
Arguably, one of the main weak points of the Rodríguez and Díaz (2009) model is the 444 
derivation of r0i (Equation 18). This is for two reasons: 445 
 446 
a) Because the concept of a finite limit to temperature disturbance is a false one, 447 
akin to the mythical ‘radius of influence’ of a water well. The line source heat 448 
equation (Banks, 2015) relates temperature change (ΔT) at radius r to heat 449 
extraction rate h  in W m-1: 450 
)(
4
zEi
h
T


         (23)   451 
 452 
Where: 453 
 Ei(z) = -0.5772 - ln(z) + z - z2/(2·2!) + z3/(3·3!) - z4/(4·4!) + ....  (24) 454 
 455 
z = r2/4αrt           (25) 456 
 457 
αr = λr/ρrcr         (26) 458 
 459 
Here αr is the rock thermal diffusivity. It can readily be seen that at any distance for t 460 
>0, there will be some finite temperature change. 461 
 462 
b) Because Equation (A13) in Rodríguez and Díaz’s (2009) paper makes the 463 
dubious assumption that the initial tunnel wall temperature is the average of the 464 
fluid entry temperature and the ambient undisturbed rock temperature, with no 465 
clear justification. 466 
 467 
The current authors have thus decided to take an alternative approach, founded in 468 
the logarithmic approximation (sometimes referred to as the Cooper and Jacob, 469 
1946, approximation) of Equation (23), which can be made when z is small (t is large) 470 
 471 
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 473 
Thus: 474 
 475 

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As in the Rodríguez and Díaz (2009) formulation, r0 is directly related to t , r0i can be 479 
found by setting ΔT to some arbitrarily low value (say 0.1°C) and finding the radius at 480 
which this displacement occurs. Furthermore, at large times, the temperature along 481 
the tunnel tends to exhibit a relatively shallow gradient and it seems unnecessary to 482 
calculate r0i for every increment. As the Rodríguez and Díaz (2009) solution 483 
(Equation 16) depends on ln (r0i/rg), it is relatively insensitive to this parameter and a 484 
single value of r0 for the entire mine tunnel can be applied, based on the average 485 
heat extraction rate h  from the tunnel.  486 
 487 
For the Rodríguez and Díaz (2009) baseline scenario, we can see the effect of these 488 
different assumptions and methodologies. Using the original formulation (Equation 489 
18), a value of r0 of 74.7 m is calculated, together with an average heat extraction 490 
rate of 65.2 W/m after 30 years. 491 
 492 
Using equation (29) the results shown in Table 3 are obtained: 493 
 494 
Table 3.  Average heat extraction from mine tunnel after 30 years for different thermal radius in equation (29), using 495 
Rodríguez and Díaz’s (2009) baseline scenario (Table 1) - for total heat gain, multiply by tunnel length (1000 m) 496 
 
Effective thermal 
radius r0 after 30 
years 
Average heat 
extraction from 
tunnel during 30 
years operation 
Average heat 
extraction from 
tunnel after 30 
years 
Emergent fluid 
temperature 
after 30 years 
Equation (18) 74.7 m 73.4 W m-1 65.2 W m-1 12.61°C 
Equation (29) ΔT = 0.01°C 54.2 m 78.7 W m-1 69.3 W m-1 12.96°C 
Equation (29) ΔT = 0.1°C 53.2 m 79.1 W m-1 69.6 W m-1 12.98°C 
Equation (29) ΔT = 0.5°C 48.8 m 80.7 W m-1 70.8 W m-1 13.09°C 
Equation (29) ΔT = 1°C 44.0 m 82.7 W m-1 72.3 W m-1 13.22°C 
 497 
It can be seen that the results from the arguably more transparent and simpler 498 
approach of Equation (29) yield similar results to the original Rodríguez and Díaz 499 
(2009) formulation, and that the result is rather insensitive to the value selected for 500 
ΔT, at least up to a value of 0.5°C. 501 
 502 
Figures Fig 13-Fig 15 show additional sensitivity analysis, comparing the original 503 
Rodríguez and Díaz (2009) formulation with the proposed Cooper-Jacob type 504 
approach (equation 29), utilising a ΔT of 0.01°C. 505 
 506 
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 507 
Fig 13. Analysis of the sensitivity of the fluid temperature emerging from the mine tunnel utilising the original 508 
Rodríguez and Díaz (2009) formulation for thermal radius (Equation 18), with the proposed Cooper-Jacob approach 509 
(Equation 29) with a ΔT of 0.01°C, for differing mine tunnel fluid flow rates over a 30 year period. 510 
 511 
Fig 14. Analysis of the sensitivity of the fluid temperature within the mine tunnel after 30 years, utilising the original 512 
Rodríguez and Díaz (2009) formulation for thermal radius (Equation 18), with the proposed Cooper-Jacob approach 513 
(Equation 29) with a ΔT of 0.01°C, for differing mine tunnel fluid flow rates. 514 
 515 
 516 
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 517 
Fig 15. Analysis of the sensitivity of the fluid temperature emerging from the mine tunnel utilising the original 518 
Rodríguez and Díaz (2009) formulation for thermal radius (Equation 18), with the proposed Cooper-Jacob approach 519 
(Equation 29) with a ΔT of 0.01°C, for differing rock thermal conductivities over a 30 year period. 520 
 521 
From Figures Fig 13-Fig 15, the following points should be noted: 522 
 523 
 The greatest deviation of the Cooper-Jacob (Equation 29) approach is at 524 
early times, high flow rates and low thermal conductivities. 525 
 The deviation of the Cooper-Jacob (Equation 29) approach increases with 526 
increasing distance along the tunnel 527 
 The Cooper-Jacob approach with ΔT of 0.01°C tends to result in slightly 528 
higher simulated heat gains and emergent fluid temperatures as compared 529 
with the original Rodríguez and Díaz (2009) formulation for thermal radius 530 
(Equation 18). In Figures Fig 13-Fig 15, the recorded discrepancy after 30 531 
years was for a thermal conductivity of 1.5 W m-1 K-1 at 10 m3 h-1 flow rate 532 
was 48.0 kW heat gain as opposed to 41.4 kW (86% of the Cooper-Jacob 533 
result). 534 
 535 
3.2. Calculation of Nusselt Number 536 
 537 
Another potential issue with the original Rodríguez and Díaz (2009) formulation is the 538 
use of the Nusselt number, which is a dimensionless number expressing the ratio of 539 
convective to conductive heat transfer across a boundary. In Equation (17), 540 
Rodríguez and Díaz (2009) cite the Nusselt number (Nu) as a function of the 541 
Reynolds (Re) and Prandtl (Pr) numbers: 542 
 543 
43.080.0 PrRe021.0Nu          (30) 544 
 545 
For the Rodríguez and Díaz (2009) baseline case, Re = 680, Pr = 9.38 and the 546 
calculated Nu from Equation (30) is 10.15. 547 
 548 
The exact derivation of this equation is unclear: however, it is similar to the most 549 
commonly cited form of the Dittus and Boelter (1985) equation for turbulent flow 550 
(Equation 31 - Incropera et al., 2007; Subramanian, 2006, although it should be 551 
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noted that the original form was a little more complex than the common cited version 552 
- Williams, 2011; Winterton, 1998): 553 
 554 
nNu PrRe023.0 8.0          (31) 555 
 556 
Here, n equals to 0.4 when the fluid is being heated and to 0.3 when is being cooled. 557 
This equation yields a Nu of 10.39 for the Rodríguez and Díaz (2009) baseline case. 558 
However, the equation is only valid for 0.6<Pr<160, Re>10,000 and L/D > 10, where 559 
D is the internal diameter and L is a characteristic length. 560 
 561 
It will be noted, however, that for typical mine tunnel problems, the water flow may be 562 
laminar, rather than turbulent - in Fig 7, Re is typically less than 2300 (usually 563 
regarded as the transition point from laminar to turbulent flow in circular conduits). 564 
Thus, the Nusselt number utilised by Rodríguez and Díaz (2009) is probably not 565 
applicable to many mining situations. Incropera et al. (2007) state that, for laminar 566 
flow, Nu becomes independent of Re and Pr, and tends towards a value of 3.66 (for 567 
approximately constant surface temperature) to 4.36 (for approximately constant 568 
surface heat flux). In an entry region to a conduit, the Nusselt number can be higher, 569 
but for a distance into the conduit >0.05·Re·Pr/D, the steady state values are 570 
approached. For the Rodríguez and Díaz (2009) baseline case, this entry region is 571 
calculated as 1276 m long. Thus, in the Rodríguez and Díaz (2009) baseline case 572 
(Table 1), while the Reynolds Number is too low for truly turbulent flow, the tunnel 573 
length is too short for truly laminar flow to have been developed. Thus, one would 574 
expect the real Nusselt number to be somewhere between 4 and 10.  575 
 576 
For the entry region to laminar flow regimes, Incropera et al. (2007) recommend the 577 
use of one of two equations for the average Nusselt Number ( Nu ) in the region:  578 
 579 
(i) the Hausen equation (32) for Pr>5:  580 
 581 
 
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       (32) 582 
 583 
 584 
(ii) the Sieder and Tate equation (33) for 0.6<Pr<5 and 585 
0.0044<µb/µw<9.75 586 
 587 
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      (33) 588 
 589 
Where µ is the dynamic viscosity of the fluid and the subscripts w and b refer to the 590 
fluid adjacent to the wall and the bulk fluid at a quasi-axial position, respectively. 591 
 592 
Table 4 illustrates the range of values of Nu that could be applied in the Rodríguez 593 
and Díaz (2009) model, together with their calculated values for the Baseline 594 
Scenario. 595 
 596 
Table 4. Various values of Nusselt Number applied to Rodríguez and Díaz (2009) baseline case. Re = 680, Pr = 597 
9.38. In the Sieder and Tate equation (33), the ratio of viscosities is assumed to be 1. 598 
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 599 
Source Condition Nu 
Heat gain 
after 30 years 
Emergent fluid 
temperature after 30 
years 
Dittus and Boelter - 
Eqn. 31 
Turbulent flow 10.39 65.3 kW 12.62 
Rodríguez and 
Díaz - Eqn. 30 
Turbulent flow 10.15 65.2 kW 12.61°C 
Sieder and Tate 
Eqn. 33 
Entry region to 
laminar flow. Pr<5 
5.48 59.7 kW 12.14°C 
Hausen Eqn. 32 
Entry region to 
laminar flow. Pr>5 
4.93 58.3 kW 12.01°C 
Laminar flow 
Constant surface heat 
flux 
4.36 56.5 kW 11.86°C 
Laminar flow 
Constant surface 
temperature 
3.66 53.6 kW 11.61°C 
 600 
For the Rodríguez and Díaz (2009) Baseline scenario, arguably the most appropriate 601 
equation is the Hausen equation (32), where the tunnel is effectively the Entry 602 
Region to a laminar flow regime. With respect to the Hausen equation, the Nusselt 603 
formulation used by Rodríguez and Díaz (2009) overestimates the heat transfer (in 604 
the baseline case) by 12% and the emergent temperature (relative to an injection 605 
baseline of 7°C) also by 12%. 606 
 607 
 608 
4. Discussion and conclusions 609 
 610 
Abandoned flooded mine voids can be utilised efficiently both as thermal stores and 611 
as subsurface heat exchangers, providing an environmentally friendly source of 612 
heating and cooling. Thus, mine water, traditionally regarded as an environmental 613 
liability, can be converted into an economic and environmental asset.  614 
 615 
To assess the performance of mine tunnels and roadways as heat exchangers, some 616 
form of modelling is usually needed. While detailed numerical modelling work may be 617 
required prior to implementation, analytical modelling at an early stage of feasibility 618 
study can provide insight into the sustainability of mine water abstraction - heat 619 
exchange - reinjection schemes. Two different, commonly used analytical models of 620 
heat exchange in a mine tunnel have been examined and compared. 621 
 622 
The Lauwerier-Pruess-Bodvarsson model (Pruess and Bodvarsson, 1983) yields 623 
very conservative (i.e. low) values of mine tunnel heat exchange capacity. This is 624 
primarily because the model was developed for planar or tabular flow horizons (i.e. 625 
aquifer layers or fractures), rather than quasi-circular mine tunnels. In other words, 626 
the original Lauwerier-Pruess-Bodvarsson model assumed 1 dimensional parallel 627 
heat conduction away from the water-bearing horizon or fracture, whereas, in real 628 
circular tunnels, heat is conducted away more effectively in a radial and divergent 629 
manner. 630 
 631 
The Rodríguez and Díaz (2009) model results in more realistic heat exchange 632 
capacities for mine tunnels and assumes radial and divergent heat conduction from 633 
(or to) the tunnel. The modelled heat exchange capacity increases as fluid flow and 634 
rock thermal conductivity increase, and decreases slowly with increasing time (as the 635 
heat in the rocks surrounding the tunnel is slowly depleted), as common sense would 636 
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predict. The Rodríguez and Díaz (2009) model does, however, suffer from at least 637 
three flaws: 638 
 639 
Firstly, the published version of the model (Rodríguez and Díaz, 2009) contains a 640 
typographical error, where a logarithmic term is omitted from Equation 16. 641 
 642 
Secondly, the theoretical basis for calculating the effective radius of the thermal front 643 
around the tunnel is, arguably, a little contrived. In this paper, a fresh approach is 644 
adopted, namely, the well-known Cooper-Jacob logarithmic approximation of the line 645 
source heat function. This approach arguably has a more transparent theoretical 646 
basis, but suffers from the modest drawbacks that (i) it requires an iterative process 647 
to solve, and (ii) it requires a subjective assumption to be made regarding the 648 
temperature differential (ΔT in Equation 29) that defines the effective edge of the 649 
thermal front. The two approaches have been compared and it is found that, using a 650 
ΔT of down to 0.01°C, the original Rodríguez and Díaz (2009) approach slightly 651 
overestimates the radius of the thermal front and thus underestimates the overall 652 
heat exchange compared with the Cooper-Jacob approximation. However, the 653 
differences are modest, especially for low-to-moderate flow rates and long times, and 654 
the original Rodríguez and Díaz (2009) approach is conservative in nature. 655 
 656 
Thirdly, and more importantly, the calculation of the Nusselt number in the Rodríguez 657 
and Díaz (2009) approach assumes turbulent flow conditions. In reality, in large 658 
diameter tunnels, there is a strong probability that the calculated Reynolds Number 659 
will fall within the laminar flow regime. This means that the Rodríguez and Díaz 660 
(2009) model will tend to overestimate the heat transfer if flow is not truly turbulent. 661 
This can easily be modified in a spreadsheet environment, however, and Equation 662 
(17) can be modified to use a value of Nu appropriate to turbulent flow, laminar flow 663 
or the Entry Region to a non-fully developed laminar flow regime. In the case of 664 
Rodríguez and Díaz (2009)’s Baseline Scenario (Table 1), the use of the turbulent Nu 665 
overestimated heat exchange in the tunnel by 12% as compared to the use of a Nu 666 
more appropriate for a laminar flow Entry Region condition. 667 
 668 
In conclusion the Rodríguez and Díaz (2009) model is more appropriate for 669 
simulating heat exchange in conduit-like mine tunnels and roadways than the 670 
Lauwerier-Pruess-Bodvarsson (Pruess and Bodvarsson, 1983) approach. Care 671 
should be taken, however, to use a Nusselt number in Equation (17) which is 672 
appropriate to the flow regime within the tunnel. It is arguable that the Pruess and 673 
Bodvarsson (1983) approach would be more applicable to planar or tabular mined 674 
void geometries. 675 
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